Mathematica 11.3 Integration Test Results

Test results for the 151 problems in "5.2.5 Inverse cosine
functions.m"

Problem 5: Result more than twice size of optimal antiderivative.

a+bArcCos[c x]
J dx

x(d—czdxz)

Optimal (type 4, 71 leaves, 7 steps):
2 (a+bArcCos[cx]) ArcTanh [2#ArcCosicx] |

d

i b PolylLog [2, _ @21 ArcCos[cx] ] i b PolylLog [2, @2 i ArcCos [cx] }
+

2d 2d

Result (type 4, 143 leaves):

1 ) .
- ——(2bArcCos[cx] Log[1 - e!Arccosicx]] 4 2 b ArcCos [c x] Log[1 + et Arccosiex] |
2d

2bArcCos[cx] Log[1+e?iArccoslexl] _ 2 aLog[x] +alog[l-c?x?| -
21 bPolyLog[Z, —e“"c“[c”] -21 bPolyLog[Z, e“"cc“[“‘]] + 1 bPolyLog[Z, - g2t ArcCos[cx] ”

Problem 24: Result more than twice size of optimal antiderivative.

(d —czdx2)3/2 (a+bArcCosfcx])
J dx

f+gx

Optimal (type 4, 1064 leaves, 29 steps):
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ad(cf-g) (cf+g)Vd-c?dx* bcdx/d-c?dx? bcd(cf-g) (cf+g)xVd-c?dx?
N _

+

g’ 3gV1-c2x? g2V1-c2x?
b3dfx?V/d-c?dx? bc3dx3V/d-c2dx? bd(cf-g) (cf+g)mAr‘cCos[cx}
s V1K N erra g +
czdfxm<a+bAr‘cCos[cx]> d(1—c2x2)m(a+bAr‘cCos[cx})
2g? : 3g ;
cdfm(a+bAr‘cCos[cx])2+cd(cf—g) (C1"+g)xx/m(a+bAr‘cCos[cx])2
abg?\1-c2x? 2bgiV/1-c2x*

d (c?f>-g?)?/d-c2dx* (a+bArcCos(cx])?
2bcgh (Frgx) Vi-c2x®
d(cf-g) (cf+g)Vi-c2x* V/d-c?dx? (a+bArcCos[cx])?
2bcg? (f+gx)

ad (czfz7g2>3/2mAr‘cTan[—g—*°2” ]

N2 fig? \[1-c2x? . 1
g VI- R g V1o

i ArcCos[c x]
ibd (czfz—g2)3/2«/d—c2dx2 ArcCos [c x] Log[1 + c g ] -
cf-/c2f2-g2

1 ArcCos[c x]
71’1bd(czfz—gz)g/zx/d—czdxz ArcCos[cx] Log|[1 + c g |+
g1 ox cfiff g

bd (c2f2-g?)>?+/d-c?dx? Polylog[2, - =———E&]

cf-q/c?f2-g?

+

+

2 2

gtV1l-c

bd (c22-g2)*2\d-c2dx? Polylog|2, - <0 e |

c f+q) c? f2-g?

X

gtV1-c2x?

Result (type 4, 3034 leaves):
ad (-3c*f2+4g?) ac2dfx ac?dx?

\/fd(—1+c2x2) + -

3g’ 2¢g? 3g
acd2f (2c¢2f2-3g?) ArcTan| VT (i) ] ad¥? (-2 g?)>2 Log[f + gx]
. _
2g* g*
1 1
—ad? (- g?)’ Log[dg s P dfxVd A/ -? e g? J-d (-1 |- —
g 2g
2cgx ¢ f ArcCos[c x]? 1
bd+/d (1-c*x?) —7g—2gAr‘cCos[cx]+ [cx]

.
V1-c2x? V1-c2x? chzfergz 122
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(cf+g) Cot|[2ArcCos[cx] |
2 ArcCos[c X] Ar‘cTanh[ 2 } -

’—c2f2+g2
1

cf (-cf+g) Tan| > ArcCos[c x] |
2 ArcCos [~ —] ArcTanh| 2 |+

g 22, g2

2 (-cf+g) (cf+g)

cf . (cf+g) Cot[iAr‘cCos[cx]}
ArcCos |- —] - 2 i ArcTanh| ]+

g /—c2f2+g2

(-cf+g) Tan| > ArcCos[c x] | oy ArcCosiex] —c2f2 4 g2
2 i ArcTanh | 2 || Log|
\/m V2 Vg Vef+cgx
cf (cf+g) Cot[lAr‘cCos[cx]]
Ar‘cCos[——] +21 Ar‘cTanh[ ] —Ar‘cTanh[
g 224
(-cf+g) Tan[ > ArcCos| eriAccosiex] [ 2pa o2 I -
2F2+g 2 Vg Vefrocgx
cf (-cf+g) Tan| Ar‘cCos[ x] |
ArcCos[- —] - 2 i ArcTanh|
g “c2f2ig?

Log

(cf+g) (—J’lcf+jg+«/—c2f2+g2J (—1+Tan ~ ArcCos[cx] |
( (cf+g+x/ +g° Tan Ar‘cCos[cx]} ]]—

(—cf+g) Tan[%Ar‘cCos[cx]]

|/

cf )
ArcCos |- —] +2 i ArcTanh|

g /_Cz.':2+g2
1
(cf+g) (icf—ig+m) [J‘HTan[—Ar‘cCos[cxH
2
1
g(cf+g+\WTan{—Ar‘cCos[cxH ]]+
2
1
i [PolyLog|2, [(cf—i\WJ (cf+g—\/mTan[fAr‘cCos[cx]}
2
2 g2 2 1
g cf+g+mTan{—Ar‘cCos[cx1] | -
2

1
PolyLog|2, ((cf+j«/—czfz+g2] (cf+g—x/—c2-F2+g2 Tan| = ArcCos [c X] |
2

Log|

|/

)/

|/

[ 22 2 1 1
glcf+g+/-c°f+g Tan[fAr'cCos[cx” ] +
2 72/1-c*x?
1 (cf+g) Cot[2ArcCos[cx]]
_c2y2? _— 2 _
bd./d (1-c*>x?) 9 [2ArcCos [c x] ArcTanh]| ]
4/,c2f2+g2 /—c2f2+g2
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cf (-cf+g) Tan| > ArcCos[cx] |
ZAPcCos[—f] Ar‘cTanh[ 2 } +

g /7c2f2+g2

cf . (cf+g) Cot[%Ar‘cCos[cx]}
ArcCos |- —] - 2 i ArcTanh| ]+

g /—c2f2+g2
(-cf+g) Tan| > ArcCos[cx] ] [e—giArcCos[cx] [, g |
N
22, g2 V2 Vg Vef+cgx

(cf+g) Cot| % ArcCos [c X] |
ArcTanh | | - ArcTanh|

/—c2f2+g2

] [engr‘cCos[cX]\/TJrgZ]
V2 Vg Vefrcgx

(-cf+g) Tan[%Ar‘cCos[cx}]

Lo

2 i ArcTanh]|

cf
ArcCos|[-—] +21
g

(-cf+g) Tan[iAr‘cCos[c x] |
/—CZ'F2+g2

cf
ArcCos |- —] - 2 i ArcTanh|
g

Log

S22, g2

c-F+g ( 1cf+1’1g+\/7+g) (—1+Tan — ArcCos[c ]}
( (C-F+g+\/7gTan — ArcCos|[c H ]]—

(-cf+g) Tan[iArcCos[cx}]

Log

|/

cf
ArcCos |- —] + 2 i ArcTanh|

g /—c2f2+g2
. . [ 2¢2 .2 ~ 1

(c-F+g) (ncf—1g+ —c?frig ) [1+Tan[7Ar‘cCos[cx]}
2

1
g(cf+g+x/—c21‘2+g2 Tan| = ArcCos[c x] | ]]+
2
1
i |PolyLog|2, [(cf—jx/—czfergz) (cf+g—xl—c2f2+g2 Tan| = ArcCos[c x] |
2
1
(g cf+gr/-c?f+g? Tan| = ArcCos[cx] | ]]—
2
1
PolyLog|2, ((cf+jx/7c2f2+g2] (cf+g7«/7c21‘2+g2 Tan| = ArcCos [c X] |
2

(g (c-F+g+x/—c2F2+g2 Tan[lAr‘cCos[cx}] ]]]J +
2

— |18cg (-4c*f2+g?) x+18¢g (-4c*f2+g?) \/1-c*x* ArcCos[cx] +

g4

Log |

|/

|/

|/

18 cf (2c*f?-g*) ArcCos[cx]?+9cfg?Cos[2ArcCos[cx]] -
1

/—c2f2+g2

2 g3 Cos[3ArcCos[cx]] -
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(cf+g) Cot[2ArcCos(cx]]
2 ArcCos [c x] ArcTanh | 2 ] -

/—c2f2+g2

cf (-cf+g) Tan| > ArcCos [cx] |
2 ArcCos [~ — | ArcTanh]| 2 |+

g ’—c2f2+g2

cf . (cf+g) Cot[iAr‘cCos[cx}] '
ArcCos[- —] - 2 i ArcTanh| | +21

g ’—c2F2+g2

9 (8c*f*-8c*f g*+g?)

(-cf+g) Tan| > ArcCos[cx] | o 5 LArcCosiex] [T 5 £, g2
ArcTanh | 2 Log|
-2 f2ig? V2 g Vefrcgx
cf cf+g) Cot[ 1 ArcCos[cx] |
ArcCos |- —] +21i |ArcTanh| 2 ] -
‘ Nrrva

(-cf+g) Tan[%Ar‘cCos[cx]} e 1ArcCosicx] \/m
ArcTanh | ] [ ] -
/—c2f2+g2 \/7\/?\/“‘:+ch

(-cf+g) Tan[%Ar‘cCos[c x] |

Log

cf
ArcCos [~ —] - 2 i ArcTanh|
g /—c2f2+g2

Log ( (cf+g) [ icf+ig+ —c2f2+g2)

[ (cf+g+\/78Tan Ar‘cCos[cX]])J]_

1
—i+Tan[;Ar‘cCos[cx]]

)/

cf (-cf+g) Tan| > ArcCos[cX] |
ArcCos [— 7} +21 Ar‘cTanh[ 2

g /—c2f2+g2

1
(cf+g) [1cf4‘1g+ 7c21‘2+g2) (1’1+Tan[—Ar'cCos[cx}]
2

i
1

i [Polylog|2, ([cf—jxl—c2f2+g2) [cf+g—x/—c2f2+g2 Tan| = ArcCos [c X] |
2

((cfﬂml—c f2.g ) [cf+g—x/—c2f2+g2 Tan[lAr‘cCos[cx]]
2

{ (cf+g+xl +g? Tan| Ar‘cCos[ x] | J])]+

18 c f g2 ArcCos [c x] Sin[2ArcCos[c x]] - 6 g> ArcCos [c x] Sin[3 ArcCos[c x}]J

Log

)/

(cf+g+ -c2f2+g? Tan| Ar‘cCos[ x] |

)/

cfrg+n/-c?f+g? Tan| Ar‘cCos[ x] |

J | - Polylog|2,

)/
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Problem 28: Result more than twice size of optimal antiderivative.

(d- czdxz)S/2 (a+bArcCosfcx])
J dx

f+gx
Optimal (type 4, 1637 leaves, 37 steps):
a d2 (czfz—gz)zm 2bcd?x/d-c2dx? bcdz(czfz—Zgz)xm
g° 15g+1-c?x? 3g2V1-c?x?

+

g°V1-c?x? 16 g2 /1 -c? x? 4g4/1-c?x?
b3d2x3/d-c2dx2 bcPd? (2f2-2g2)x3Vd-c?dx? bcSd2fx*/d-c2dx?
N _

bcdz(cz-lcz—gz)zxx/d—czdx2 b3d2fx2\/d-c2dx? bcd?f (c2f2-2g2) x?Vd-c?dx?
+

+

45g~/1-c2x? 9g3\/1-c2x2 16 g2V/1-c2x?
bc5d2x5+/d-c2dx2 bd? (czfz—gz)zmAr‘cCos[cx]
e g )
czdzfxm<a+bAr‘cCos[cx]) cde-F(cz-Fz—Zgz)xm(aerAr'cCos[cx})
8 g? . 2g4
c4d2Fx3m(a+bAr‘cCos[cx]) d? (1—c2x2)m(a+bAr‘cCos[cx1)
4g2 B 3g
d? (c2f2-2g?) (1-c2x?) Vd-c2dx? (a+bArcCos[cx])
3g3 :
d? (1—c2x2)2m(a+bAr‘cCos[cx]) ch-F\/m(aerAr‘cCos[cx])2
5g ' 16bg2\/1-c2x? ’
cdzf(czfz—ZgZ)m(a+bAr‘cCos[cx1)2
abgt1-c2x?
cd? (czfz—gz)zxm(a+bAr‘cCos[cx})2
2bg>/1-c2x?

d? (c2f2-g2)>+/d-c?dx® (a+bArcCos(cx])?
2bcgt (frgx) Vi-c?x?

d? (c2F2-g2)2/1-c2x2 +/d-c2dx?® (a+bArcCos(cx])?

2bcg* (f+gx)

a d? (c2 f2 - gz) >2./d - c2dx? ArcTan [ —ec?fx

[ c2 £2_g2 [1-c2 x2

g V1- 22
ibd? (c2f2-g2)*2/d-c2dx? ArcCos[cx] Log[1+ |

cf-n/c?f2-g?

+

g6 1*C2X2
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ibd? (- g2)%2/d-cZdx? ArcCos[cx] Log[1+ 25 e ]

c firf 2 f2-g?

g6 /1= c2x?
bd? (c £~ g?)¥2/d-c?dx? Polylog[2, - < Ik |

cf-/c?fi-g?

gsV1-c2x?

bd? (c2f2-g?)*2\/d-c?dx? Polylog[2, - = "e ]

¢ ) c? f2-g?

g6 17C2X2

Result (type 4, 7206 leaves):
ad? (15c*f4-35c2f2g?+23¢g%)

\/fd (-1+c*x?) -
15 g°
aczdzf(4c21:2—9g2)x ac2d2<—5C2‘F2+11g2)X2 actd?fx3 actd?x*
_ _ + _

8 gt 15 g3 4 g2 5g

acd/2f (8 c*f4-20c2f2g?+15 g4) Ar‘cTan[@}

Vd (-10c252)

8 g
ad5/2(—c2f2+g2)5/2Log[f+gx] 1

6 6

g g
1
ad®/? (—CZFZ+g2)5/2Log[dg+c2d1‘:x+\/d_x/—c:21:2+g2 \/—d (-1+c*x?) ]—72
2g
2cgx ¢ fArcCos[c x]? 1

bd*4/d (1-c*x?) |-————-2gArcCos[cx] + +

V1-c2x? V1-c2x? [_c2f2.g2 J1-c2x?

(cf+g) Cot[2ArcCosicx] |
2 (-cf+g) (cf+g) |2ArcCos[cx] ArcTanh | 2 | -

'*C2f2+g2
1

cf (-cf+g) Tan| > ArcCos[c x] |
2 ArcCos |- —] ArcTanh| 2 ]+

g I_CZ.F2+g2

cf (cf+g) CotEAr‘cCos[cx]}
ArcCos|[- —| - 21 ArcTanh| ]+

: s
(-cf+g) Tan[iAr‘cCos[c x] | [eilAr‘cCOS[CX] [Cef. g |
N

2 i ArcTanh | || Log

J g V2 Vg VcFicgx

(cf+g) Cot[iAr‘cCos[c x] |

cf
ArcCos[-—] +21i |ArcTanh|

g '7C2‘F2+g2

] - Ar‘cTanh[
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(-cf+g) Tan[iAr‘cCos[c x] |
/_Cz.,:2+g2

cf
ArcCos[-—] - 2 i ArcTanh|
g

Log

1.
{eznAr‘cCos[cx]\/m]

V2 Vg VeFregx

(-cf+g) Tan[iAr‘cCos[cx]]

]

_c2 2, g2

(cf+g) ( icf+ig+n/- J( i+Tan| Ar‘cCos[cx]}
( (cf+g+«/ +g? Tan| Ar‘cCos[cxH ]]—

(7cf+g) Tan[iAr‘cCos[cx}]

Log|

|/

cf
ArcCos [— 7] + 2 1 ArcTanh [

g /7c2f2+g2
1
(cf+g) (jcf—jg+xl—c2fz+gz) [j+Tan[—Ar‘cCos[cx]}
2
1
g(cf+g+x/—c21‘2+g2 Tan[ = ArcCos [c x] | ]]+
2
1
i |PolyLog|2, [(cffjxlfczfﬂgz) (cf+gfx/7c2f2+g2 Tan| = ArcCos[c x] |
2
1
(g (cf+g+«/7c2f2+g2 Tan[ = ArcCos [c x] | ]]—
2

1
PolyLog|2, ((cf+jm/—c2f2+g2] (cf+g—w/—c2f2+g2 Tan| = ArcCos [c X] |
2
1
(g (cf+g+«/7c2f2+g2 Tan| = ArcCos [c X] | ]]]J
2

(cf+g) Cot[2ArcCos[cx]]
2 ArcCos [c x] ArcTanh | 2 ] -

S22, g2

Log |

|/

|/

|/

1

bd*\/d (1-c*x?) 9

_2f2. g2

cf (-cf+g) Tan| > ArcCos [cx] |
2 ArcCos |- —| ArcTanh]| |+

g /_szz+g2

cf . (cf+g) Cot[%Ar‘cCos[cx]}
ArcCos[- —] - 2 i ArcTanh| ]+

g ’—c2f2+g2

N

(-cf+g) Tan[ 2 ArcCos[cX] | ez ihrccosiex) [ 2 pa g2
2 i ArcTanh| 2 || Log|
Sc2frig? \E\/E\/C'FJrch
cf (cf+g) Cot[2 ArcCos[cx] ]
ArcCos |- —] + 21 |ArcTanh| 2 | - ArcTanh|
g _2f2, g2
(-cf+g) Tan| > ArcCos[cx] ] ] {e%iAr‘CCOS[cx] [, g |
og -
N -c2f2 4 g2 V2 g cfrcgx
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(-cf+g) Tan[%Ar‘cCos[cx]]

cf
ArcCos |- —] - 2 i ArcTanh|
g /—CZ-F2+g2
- 272 . 2 : 1
(cf+g) |-icf+iger/-PFfrg -1 +Tan|[ = ArcCos [c X] |
2

(—cf+g) Tan[iAr‘cCos[cx]]

Log|

( (cf+g+«/ +g° Tan Ar‘cCos[ H

|/

cf
ArcCos|[-—| +2 i ArcTanh|

. N
1
(cf+g) (icf—ig+ﬂ—c2f2+g2) [J‘HTan[—Ar‘cCos[cxH
2
1
g(cf+g+«/—c2f2+g2 Tan| = ArcCos[c x] | ]]+
2
1
i (PolyLog[Z, [(cf—j«/—czfz+g2J (cf+g—w/—c2f2+g2 Tan| = ArcCos [c x] |
2
1
(g (cf+g+«/—c2-F2+g2 Tan[ = ArcCos [c x] | ]]—
2

1
Polylog|2, ((cf+ix/—c2f2+g2] (cf+g—«/—c2-F2+g2 Tan| = ArcCos [c X] |
2
1
(g (cf+g+«/—c2-F2+g2 Tan| = ArcCos [c X] | ]]]]+
2

— |18cg (-4c*f2+g®) x+18¢g (-4c*f2+g?) \/1-c*x* ArcCos[cx] +

g4

Log |

|/

|/

|/

18 cf (2c*f?-g*) ArcCos[cx]?+9cfg?Cos[2ArcCos[cx]] -
1

[Cc2f2 . g2
(cf+g) Cot[iAr‘cCos[c x] |

2 ArcCos[c x] ArcTanh [ ] _
[_c2f2 ., g?

cf (-cf+g) Tan[ 2 ArcCos[cx] |
2Ar‘cCos[—f] Ar‘cTanh[ 2 ] +

g /7C21c2+g2

cf . (cf+g) Cot[%Ar‘cCos[cx]] .
ArcCos [~ —] - 2 i ArcTanh| |+21

g /—CZ-F2+g2
(-cf+g) Tan[} ArcCos[cx]] [e‘i‘“"c“[cx] A\ -2 24 g? ]
N

2g3Cos[3ArcCos[cx]] -

9 (8c*f*-8c*f>g>+g?)

ArcTanh | || Log
N -c2f2ig? V2 /g Vcf+cgx
cf (cf+g) Cot[2ArcCos[cx]]
ArcCos |- —] + 21 |ArcTanh| 2 | -
g /—c2f2+g2
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(-cf+g) Tan[%Ar‘cCos[c x] | | [ei“rcc"s[”] \/m} i

Log

N -c2f2ig? V2 /g Vcfrcgx

(-cf+g) Tan[iAr‘cCos[c x] |

ArcTanh |

cf
ArcCos[-—] -2 iArcTanh|
g /—c2f2+g2

1
Log ( (cf+g) [ icf+ig+ —c2f2+g2) -i+Tan[ = ArcCos[cx] |

2
[ (cf+g+\/7gTan ~ ArcCos [c X] | J]—

(-cf+g) Tan[lAr‘cCos[c x] |

)/

cf
ArcCos [— 7} +2 1 ArcTanh [
g [_c2§2 4

(cf+g) (1cf—1’1g+ —c2 24 J(nJrTan = ArcCos [c X] |
[cf+g+xl +g? Tan| ArcCos[ x] | )]Jr
1

PolyLog|2 ((chm/ 2) [cf+gfx/7c2f2+g2 Tan| = ArcCos [c X] |
2

{ cfrgen/-c?f+g? Tan| Ar‘cCos[ x] |
1

([cfﬂml—c f2ig ) [cf+g—x/—c2f2+g2 Tan| = ArcCos [c X] |
2

{ (cf+g+xl +g? Tan| Ar‘cCos[ x] | J]) +

18 c f g2 ArcCos [c x] Sin[2ArcCos[c x]] - 6 g> ArcCos [c x] Sin[3 ArcCos[cx]] || -

Log

)/

)/

J | - Polylog|2,

)/

1
b d? d(1-c*x*) |2cgx+2g+/1-c*x* ArcCos[cx] - cfArcCos[cx]?-
32g2+/1-¢c?x?
1 (cf+g) Cot[ArcCos[cx]]
——————— (-2c?f?*+g?) |2ArcCos[c x] ArcTanh | 2 ] -
«/—CZ'F2+g2 /—c2f2+g2

cf (-cf+g) Tan[ 2 ArcCos[cx] |
2 ArcCos [~ —] ArcTanh| 2 |+

g /—CZ-F2+g2

cf . (cf+g) Cot[%Ar'cCos[cx}] .
ArcCos |- —] -2 i ArcTanh| | +21

: Nrvs
(-cf+g) Tan[iAr‘cCos[c x] | [eiﬁAr‘cCos[cx] [, g2 |
+

ArcTanh [ } Log

/—CZ'F2+g2 ﬁ\/g\/cf+ch
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(cf+g) Cot[%Ar‘cCos [cx]]
ArcTanh [ |-

CZ .FZ +g2

cf )
ArcCos|[-—] +21
g

(-cf+g) Tan[%Ar‘cCos [cx]]
ArcTanh | ]

/—c2f2+g2

(-cf+g) TanEAr‘cCos[c x] |

1.
[e;ﬂArcCos[cx]\/m}

V7 g o Frcex

Log

cf )
ArcCos[-—] -2 i ArcTanh|

g /—c2f2+g2
Log ( (cf+g) [ 1cf+ig+w/—c2fz+g2)

[ (c-F+g+ -2+ g? Tan| Ar‘cCos[cx]])J]—

1
—i+Tan[;Ar‘cCos[cx]]

)/

cf (-cf+g) Tan| > ArcCos[cX] |
ArcCos [— 7} +21 Ar‘cTanh[ 2

g /—c2f2+g2
1

(cf+g) {1cf—1’1g+x/—c21‘2+g2J (Ji+Tan[—Ar‘cCos[cx]]
2
[cf+g+xl +g? Tan| ArcCos[ x] | )]Jr
1

i [Polylog|2, ([Cf*j\/*Cz‘szng) [cf+gfx/7c2f2+g2 Tan| = ArcCos [c x] |
2
{ J | - Polylog|2,

([C'F-%—]].\/iz) {cf+g_mTan[lArcCos[cx}]
2
{ (Cthr\/igTan =~ ArcCos|[c ]} J])]

2 ArcCos [c x] ArcTanh |

Log

)/

)/

cfrgen/-c2f+g? Tan| Ar‘cCos[ x] |

)/

1

16~/ -c?2f2+g> V1-c2x?

(cf+g) Cot[iAr‘cCos[c x] |

/—c2f2+g2

cf (-cf+g) Tan| > ArcCos[cx] |
2 ArcCos [~ —] ArcTanh]| 2 |+

g ’—c2f2+g2

cf . cf+g) Cot[iAr‘cCos[cx}]
ArcCos[- —] - 2 i ArcTanh| ]+

g /—c2f2+g2
—~cf+g) Tan[ % ArcCos [c x] -y iArcCosiex] [ 22 o2
ZiAr‘cTanh[< ) {2 } [ez crre |+

d(1-c2x)

} _

|| Log
N —Cc2 24 g? V2 /g Vcfrcgx
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cf (cf+g) Cot[2ArcCos[cx] |
ArcCos |- —] + 21 |ArcTanh| 2 |-

g /—C2F2+g2
~cf+g) Tan[ 1 ArcCos [c x] yiArcCosiex] [~ 2 a2
Ar‘cTanh[( ) {2 H [ez e ] -

Log

/_czfz+gz V2 g Vefrcgx

(-cf+g) TanEAr‘cCos[c x] |

cf )
ArcCos[-—] -2 i ArcTanh|

g _c2f2 g2

(cf+g) [ icfrigen-c2Ff+g° )

[ [c-F+g+ -2+ g? Tan| Ar‘cCos[cx]]))}—

Log| -i+Tan| Ar‘cCos [cx]]

)/

(-cf+g) Tan[iAr‘cCos[c x] |

cf
ArcCos [— 7] + 2 1 ArcTanh [

g /—c2f2+g2
1
(cf+g) [jcf—jg+x/—c2f2+g2) [Ji+Tan[—Ar‘cCos[cx]]
2
1
g[cf+g+x/7c2f2+g2 Tan[—Ar‘cCos[cx]])J}Jr
2
1
PolyLog|2, ((cffjx/7c2f2+g2) [Cf+g7\/7C2f2+g2 Tan| = ArcCos [c X] |
2
1
[g cfrg+r/-c2f2+g? Tan[—ArcCos[cx]])J}f
2
1
PolyLog|2, ((cf+j«/—c2f2+g2) (cf+g—xl—c2f2+g2 Tan[—Ar‘cCos[cx]])J/
2

1
[g (cf+g+x/7c2f2+g2 Tan|—

2

Log [

)/

)/

ArcCos[cx]])J}) +

d(1-c*x?) [18cg(-4c2f*+g?) x+18g (-4c* 2+ g?)
144g°\1- 2 %2

\/1-c*x* ArcCos[cx] +18cf (2c*f?-g*) ArcCos[c x]?

1
9cfg?Cos[2ArcCos[cx]] -2g>Cos[3ArcCos[cx]] -

/—c2f2+g2

(cf+g) Cot[iAr‘cCos[c x] |
9 (8c*f*-8c*f g’ +g*) |2ArcCos[cx] ArcTanh | ] -

’—c2f2+g2

cf (-cf+g) Tan| > ArcCos[cx] ]
ZAPCCOS[—f] Ar‘cTanh[ 2 ] +

g Sc2f2ig?
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cf ‘ (cf+g) Cot[iAr‘cCos[cx}] '
ArcCos |- —] - 2 i ArcTanh| | +21

g /7c21‘2+g2
(-cf+g) Tan{iAr‘cCos[c x] | [eiﬁAr‘cCoS[cX] [Ccf, g |
N

Ar‘cTanh[ } Log
-2 f2 4 g2 V2 Vg Vefrcgx
cf (cf+g) Cot|[2ArcCos[cx] ]
ArcCos |- —] + 21 |ArcTanh| 2 ] -

g ’—c2f2+g2
(-cf+g) TanEAr‘cCos[cx]} [(e%“'“cc"s[cx]\/m}

ArcTanh | || Log

/—c2f2+g2 \/7\/?\/(:{+ch

(-cf+g) Tan[%Ar‘cCos[c x] |

cf .
ArcCos |- —] - 2 i ArcTanh|

g [_c2f2. g2

(cf+g) [—icf+ig+m)
2 2 2 1

g cf+g+mTan[fAr‘cCos[cx]] ] -
2

(-cf+g) Tan[iArcCos[c x] |

1
-i+Tan| = ArcCos[cx] |

Lo
g| 5

)/

cf
ArcCos |- —] +2 i ArcTanh|

: Vv
1
(cf+g) [J’lcf—jg+«/—c2f2+g2J (Ji+Tan[—Ar'cCos[cx}]
2
1
g(cf+g+xl—c2f2+g2 Tan| = ArcCos [c x] | J]+
2
1
PolyLog|2, ([cf—jx/—cszJrgz) [cf+g—x/—c2f2+g2 Tan| = ArcCos [c X] |
2
1
[g cfrg+r/-c2f+g? Tan[—Ar‘cCos[cx]})]]—PolyLog[Z,
2
1
([C‘F+j. —c2f2+g2) [cf+g—x/—c2f2+g2 Tan| = ArcCos [c x] |
2

[g (cf+g+w/—c2fz+g2 Tan[lAr‘cCos[cx]})]]) +
2

Log|

)/

i

)/

)/

18 c f g2 ArcCos [c x] Sin[2ArcCos[cx]] - 6 g> ArcCos[c x] Sin[3 ArcCos[cx]] | +

1 2c (16 c*f4-12c?2f2 g2 +g*) x
. S d(l—czxz) B < g g) _
32/1-c?x? g

32 ¢4 f4/1-c?x? ArcCos[c x]
gS

+
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24 c2f2+/1-c?x? ArcCos[c X]

3

g
2+1-c?2x? ArcCos[cx] 16c®f°>ArcCos[cx]?
+ _
g g°
16 c3 f3 ArcCos[c x]?2 3 cfArcCos[cx]?
g* ' g’ .
2cf (-2c?f?+g?) Cos[2ArcCos[cx]]
g* .
8 c?f2Cos[3ArcCos[cx]] 2Cos[3ArcCos[cx]]
+ +
9g3 9g
c fCos[4ArcCos[c x]] 2 Cos[5ArcCos[cx]]
- +
4 g2 25g
1
(-2c2F2+g?) (16" F*-16 > f2 g%+ g*)
go/—c2f2 g2

(cf+g) Cot[iAr‘cCos[c x] |

2 ArcCos[c x] ArcTanh [

] _

_c2f2 g2
cf (-cf+g) Tan[ 2 ArcCos[cx] |
2Ar‘cCos[—f] Ar‘cTanh[ 2 ]+
g Sc2f2ig?
cf cf+g) Cot[2 ArcCos[cx] |
ArcCos [~ —] - 2 i ArcTanh| 2 |+21
g _2f2, g2
~cf+g) Tan[ 1 ArcCos [c x] yiArccosiex] [T 22 o2
Ar‘cTanh[( ) [2 H Log[(ez crre |+

/_czfz+gz V2 g Vefrcgx

(cf+g) CotEAr‘cCos[c x] |

cf )
ArcCos |- —] + 21 |ArcTanh|

g /—c2f2+g2 }_

(-cf+g) Tan[ L ArcCos[cx] ] | [ei“"cc“[“] \/m} )

Log

N —Cc2 2y g? \/Tx/gx/cf+ch

ArcTanh|

(-cf+g) Tan[iAr‘cCos[c x] |

cf
ArcCos [— —} -2 1 ArcTanh [
g

Sc2f2ig?

(cf+g) [7jcf+jg+x17c2f2+g )

[ (cf+g+ —c?2f2ig? Tan A"'CCOS[ ]])J]_

Log| -i+Tan| Ar'cCos [cx] |

)/

—c-F+g) Tan[%Ar‘cCos[c x] |

cf )
ArcCos [~ —] + 2 i ArcTanh|

g ’—c2f2+g2
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1
Log ( (cf+g) [ch-F—Jig+x/—c2-F2+g2J (j+Tan[7ArcCos[cx}]
2

(c-F+g+ ~c?f2+g? Tan| Ar‘cCos[ ]])]]+
1

PolyLog|2, ([C'F*]'l 7c2f2+g2) [cf+g7«/7c2f2+g2 Tan|[ = ArcCos [c X] |
2

1
([C'F+]l —c? 24 2) [c-F+g—\/—c2-F2+g2 Tan| = ArcCos [c X] |
2

[ (cf+g+«/ +g? Tan| Ar‘cCos[ x] | )]) +

8 ¢33 ArcCos[c x] Sin[2ArcCos[c x]] 4 c fArcCos[cx] Sin[2ArcCos[c x]]

g g
8 c2 f2 ArcCos [c x] Sin[3 ArcCos[c x] ]

3 g3
2 ArcCos[c x] Sin[3 ArcCos[c x]]

3g
c fArcCos[c x] Sin[4 ArcCos[c X]]

g’ i

)/

|/

cf+g+ +g* Tan| Ar‘cCos[ x] |

J ] - PolyLog[Z,

|/

4 2

+

+

2 ArcCos[c x] Sin[5ArcCos[c x]]
58

Problem 32: Result more than twice size of optimal antiderivative.

a+bArcCos[cx]
J dx

f+gx) Vd-c2dx?

Optimal (type 4, 370leaves, 10 steps):

iv1-c?x? (a+bAr‘cCos[cx]) Log[1+ u]

cf-q/c?f2-g?
A2 f2-g? v/Jd-c?dx?

ivV1-c?x? (a+bArcCos[cx]) Log[1+w—

cf+rf c? f2-g?
A2 f2-g? \d-c?2dx?

bv/1-c2x? PolyLog|2, —Mg—} b+v/1-c2x? PolyLog|2, _ereie

cf-n/c?f2-g? cf+rf c? f2-g?
A €2 f2-g? i/Jd-c?2dx? N €2 f2-g? AJd-c?dx?

Result (type 4, 930leaves):
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1

[Ccg2 g2
1
b+/1-c?2x?

Vd-c?dx?

alog[f+gx] aLog[d(g+c2fx)+ﬁ —c2f2+g? Jd-c?dx? |

Ja VE

(cf+g) Cot|[2ArcCos[cx] |
2 ArcCos[c X] Ar‘cTanh[ 2 ] _

,7C2‘F2+g2

cf (-cf+g) Tan[ 2 ArcCos[cX] |
2 ArcCos [- —] ArcTanh| ] +

g ,*CZ'F2+g2

(cf+g) Cot[%Ar‘cCos[c x] |

cf
ArcCos[-—| -2 i ArcTanh| ]+
g /—CZ'F2+g2
(-cf+g) Tan[iAr'cCos[c x] | | o5 tArcCos(cx] [T o £, g2 |
N
N Ve e lFoen]

(cf+g) Cot[iArcCos [cx] |
ArcTanh | ] -

(-cf+g) Tan|; ArcCos[cx] ] ez iArecostex) [ aga oo |
Jor.g Ve [ (Frex]

(-cf+g) Tan[iAr‘cCos[c x] |

N

2 i ArcTanh |

Log |

cf
ArcCos|[-—] +21
g

Ar‘cTanh[

Log|

cf
ArcCos [— 7] -21 Ar‘cTanh[
g

7C2f2+g2

1
(cf+g) (—J’lcf+jg+x/—c21‘2+g2) (—j+Tan[—Ar‘cCos[cx]}
2
1
(g (cf+g+«/7c21‘2+g2 Tan| = ArcCos[c x] | ]]7
2

(-cf+g) Tan[%Ar‘cCos[c x] |

Log[

|/

cf )
ArcCos |- —] + 2 i ArcTanh|

g /—CZ-F2+g2
- - 262 52 | [+ 1

(cf+g) (1cf—1g+m] i+Tan| = ArcCos[cx] |
2

1
g(cf+g+xl—c2-F2+g2 Tan| = ArcCos [c X] | ]]+
2
1
PolyLog|2, [(cf—jxl—c2f2+g2) (cf+g—x/—c2f2+g2 Tan| = ArcCos [c X] |
2
2 2 2 1
glcfrger-c2f2+g? Tan[ = ArcCos[cx]]||] -
2
1
PolyLog|2, [(cf+1‘1«/—c2f2+g2] (cf+g7\/—c2-F2+g2 Tan| = ArcCos[c x] |
2

(g (cf+g+«/7c21‘2+g2 Tan[%Ar‘cCos[cxH ]]]]]

Log|

|/

i

|/

|/
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Problem 33: Result more than twice size of optimal antiderivative.

a+bArcCos[cx]
J dx

f+gx>2\/d—c2dx2

Optimal (type 4, 496 leaves, 13 steps):

ic2fyV/1-c2x? (a+bArcCos[cx]) Log[l+ =&

cf-/c?f2-g?

g (1-c*x?) (a+bArcCos[cx])
.
(R g2) (frgx) VA cTdxd (- g2)>2d - cTdxt
ic2f/1-c2x* (a+bArcCos[cx]) Log[1+ === e
| ) [ C firf 2 F2g? ) bcvV1-c?2x? Log[f+gx]
+ +
(czw‘czfgz)”z\/dfczdx2 (czfzfgz)m
bc2f/1-c2x? Polylog|2, - €& ] pc2f~/1-c2x? Polylog[2, - & &
[ ’ cf-/c?f2-g? ] [ ’ c firf c?F2-g? }
(g2 d - cdxt (g2 d - cTdxt

Result (type 4, 1108 leaves):
agvd-c2dx? ac?flog[f+gx]

d<7c2fz+g2) <f+gx) \/?(—czf2+g2>3/2—
ac?flog[d (g+c2fx) +/d /-c2f2+g2 /d-c2dx? |
\H(C'F—g) (c-F+g) A -c2f2 4 g?

1 b 1 - c2x2 gmAr‘cCos[cx] LOg[1+ gf}
—————————bc —c?x? |-
Vd-c2dx?

(cf-g) (cf+g) (cf+cgx) c2f2-g?

(cf+g) CotEAr‘cCos[c x] |

,*CZ'F2+g2
1

cf (-cf+g) Tan| > ArcCos[cx] |
2 ArcCos |- —| ArcTanh | 2 |+

g /—c2f2+g2

(cf+g) Cot[iArcCos[c x] |

cf
Ar‘cCos[——] —ZjArcTanh[ } +
: N
1.
2 i ArcTanh| (-cf+g) Tan[iAr*cCos[c x] | | Log[e—zlArccOs[cx] [ F—2+g2 .

[arg ot

(cf+g) Cot[iAr‘cCos[c x] |

’7C2'F2+g2

1

(2. g2)?2 <

2 ArcCos [c x] ArcTanh |

} _

cf
ArcCos|[-—] +21
g

ArcTanh - ArcTanh
[ ] [
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1.
{e;nAr‘cCos[cx]\/m]

(-cf+g) Tan[%Ar‘cCos[c x] |
\ -2 frig? V2 Vg Jc (f+gX)
(-cf+g) Tan[iAr‘cCos[cx]]

cf
ArcCos[-—] - 2 i ArcTanh| ]
g /_Cz.':2+g2
(cf+g) ( icf+ig+ —cz-F2+g2J (—J'HTan[lAr'cCos[cx]}
2
JI-

(7cf+g) Tan[;Ar‘cCos[cx]]

]

Log

Log|

( (cf+g+xl +g® Tan| ArcCos [cx]]

|/

cf
ArcCos [— 7] + 2 1 ArcTanh [

g /7c2f2+g2
1
(cf+g) (jcf—jg+xl—c2fz+gz) [j+Tan[—Ar‘cCos[cx]}
2
1
g(cf+g+x/—c21‘2+g2 Tan[ = ArcCos [c x] | ]]+
2
1
i |PolyLog|2, [(cffjxlfczfﬂgz] (cf+gfx/7c2f2+g2 Tan| = ArcCos[c x] |
2
1
(g (cf+g+«/7c2f2+g2 Tan[ = ArcCos [c x] | )]—
2

1
PolyLog|2, ((cf+jm/—c2f2+g2] (cf+g—w/—c2f2+g2 Tan| = ArcCos [c X] |
2
1
(g (cf+g+«/7c2f2+g2 Tan| = ArcCos [c X] | )]]J]
2

Log |

|/

|/

|/

Problem 35: Unable to integrate problem.

J(a+bArcCos[cx}>2Log[h (frgx)"] 4
X

1-c2x?

Optimal (type 4, 496 leaves, 13 steps):
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m (a+bAr‘cCos[cx])3Log[1+ s

cf-r/c?f2-g?

im(a+bArcCos[cx])*

+

12b2c 3bc

m (a+bArcCos[cx] >3 Log[1 + Mg_}
C‘F+m

3bc ) 3bc

(a+bArcCos[cx])?Loglh (f+gx)"]

im (a+bArcCos(cx] )’ Polylog[2, - ==& |

cf-r/c?f2-g?

C

i ArcCos[c x]
e g
2, -

c firfc?F2-g?

im (a+bArcCos[cx])?PolylLog|

C

2bm (a+bArcCos[cx]) PolyLog|3, ,ML]

cf-~/c?f2-g?

C

2bm (a+bArcCos[cx]) PolyLog|3, 7%—]

cfirfc?f2-g?

C

21ib2mPolylog[d, - <~ ——"E] 2ib>mPolylog[4, - 5]

cf-q/c?f2-g? cf+r/c?f2-g?

C C

Result (type 8, 37 leaves):

J(a+bAr‘cCos[cx])2Log[h (fregx)"] 4
X

1-c2x?

Problem 36: Result more than twice size of optimal antiderivative.

dx

J(a+bAr‘cCos[c x]) Log[h (f+gx)"]
2

1-c?x

Optimal (type 4, 374 leaves, 11 steps):
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2 _eltArccosiex] g
, m(a+bArcCos[cx]) Log[hcf-m]

im (a+bArcCos[cx])

+

6b2c 2bc

eixArcCos{ch g }
¢ f+af c? f2-g?

2bc ) 2bc

b ArcC ?Log|1
m (a+bArcCoscx])* Log[1 ¢ (a+bArcCos[cx])?Log[h (f+gx)"]

2 enArcCos[cxj
y — e 8

cf-r/c?f2-g? ]

im (a+bArcCos[cx]) PolyLog|

C

el ArcCos [c x]
2, - S——8

cfirf c?f2-g? ]

im (a+bArcCos[cx]) PolyLog|

C
i ArcCos[cx] i ArcCos[c x]
meolyLog[B, 7@4L} meolyLog[B, - ——5
cf-~/c?f2-g? cfirfc?f2-g?
+
C C

Result (type 4, 1248 leaves):

1
— |-31amArcCos[cx]?-1bmArcCos[cx]>+
6cC
1+<E 1
g cf-g) Tan[;Ar‘cCos[cx]}
24 i amArcSin|[ ————] ArcTan| | +3bmArcCos[cx]?
V2 lcz.':z_gz
i ArcC 2 £2 2
el ArcCos[cx] el ArcCos(cx] [C'F* ccfe-g ]
Log[lJr } +6 amArcCos [c X] Log[1+ } +

cf- /c2f27g2 g
eiAPCCOS[CX] [C‘F— ICZ.FZ_gzj

3bmArcCos[cx]?Log[1+ ]+
g
1+ f @l ArcCos [c ] (C'F— [ c2 .Fz_gz)
12amArcSin[ ————| Log |1+ ]+
V2 g
1+f el ArcCos[cx] (C‘F— ICZ.{:Z_gZJ
12 bmArcCos[c x] ArcSin[ ————| Log[1 + |+

2 g

e]‘l ArcCos [c X]
g } N

cf+~/c2f2-g?

3bmArcCos[cx]?Log[1l+
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eJiAr‘cCos[cx] (C.FJr CZ .F27g2 )

|+

6 amArcCos [cx] Log[1+
g

ei ArcCos [c X] (C f+ CZ .FZ _ gz ]

3bmArcCos[cx]?Log[1+

} _

g
1+ % el ArcCos[cx] (C'F+ c2 f2 _gz )
12 amArcSin[ ———] Log[1 + ] -
2 g
1+ f el ArcCos[cx] (C'F+ c2 .Fz_gz J
12 bmArcCos[c x] ArcSin[ ————| Log[1 + | -
vV 2 g

6 amArcCos[cx] Log[f+gx] -6amArcSin[cx] Log[f +gXx] -
3bArcCos[cx]?Log|h (f+gx)"] +6aArcSincx] Log|h (f+gx)"] -

(cf,m) [cx+ivVi-cx|

8

3bmArcCos[cx]?Log[1+

] -

.F

1+c? (C'F— czfz—gz)(cx+j\/1—c2x2)

12 bmArcCos[c x] ArcSin[ ———] Log[1 +
V2 g

(cf+ cz-FZ—ng (cx+i\/1—c2x2)

] -

|+

3bmArcCos[cx]?Log[1+

g
.F
1*? (C'F+w/C2'F2—g2)(CX+Ji\/1—C2X2)
12 bmArcCos[c X] Ar‘cSin[i] Log[lJr ] -
N2 g
elAr‘cCos[cx] g
6 1 bmArcCos|[cx] PolyLog[
—cf+q/c2f2-
ejAr‘cCos cXx] ( cf+ / 2.[:2 )
6 i amPolylLog|2,
g
e]LAr‘CCOS[ ]g

6 i bmArcCos [c x] PolyLog|2,
/ 2 'F2
eJLAr‘CCOS [cX] (C'F+ / 2.[:2

)

6 iamPolylLog|2, -
g
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e]i ArcCos [c X] g

ei ArcCos [c X] g }

6 bmPolylLog|3, | +6bmPolyLog|3, -

—cf+~/c2f2-g2 cf+~/c2f2-g?

Problem 37: Attempted integration timed out after 120 seconds.

JLog[h (frgx)"] i

1-c2x?

Optimal (type 4, 237 leaves, 9 steps):

- 1 ArcSin[cx] ]

mArcSin[cx] Log[1 - +5——F mArcSin[c x] Log[l_w&]

i mArcSin[c x]? cffc?fig? cfifc2f gt
2c c C
» o1 ArcSin[cx] . ~iArcSin[cx]
i mPolylLog|2, +&——F& i mPolylLog|2, ~*——F&
ArcSin[cx] Log|h (f+gx)"] . 2, cfafafg ] ) 2 il g
C C C

Result (type 1, 1leaves):

2P

Problem 54: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.
JAr‘cCos[a X] dx
(c+dx?)®?

Optimal (type 3, 66 leaves, 6 steps):

ArcTan | Vd 1-ax ]

X ArcCos [a X] a~/ c+d x?
cvVe+dx? c/d
Result (type 6, 159 leaves):
1 11 , ,  dx?
—X 2axAppe11F1[1, —, —, 2, a° x5, —7] /
Ve +dx? 2 2 c
1 1 d x? 1 3
[x/l—a2 x? |4cAppellFi[1, =, =, 2, a’x?, - — | +x? (—d AppellF1[2, =, =, 3,
2 2 C 2 2
d x? 3 1 d x? ArcCos[a x
a?x?, - | +a?cAppellFi[2, =, =, 3, a’x?, - —| )] + ArcCos[ax]
C 2 2 C C
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Problem 55: Result unnecessarily involves higher level functions.
JAr‘cCos [aXx] dx

<C +d XZ) 5/2
Optimal (type 3, 136 leaves, 7 steps):

2 ArcTan [ Vd 1-atx

avi1-aZx? x ArcCos [a X] 2 x ArcCos [a x] a~/crdx?
_ . . _
3c(a’c+d) Ve+dx? 3c(c+dx?)?? 3c24/c+dx? 3c¢2+/d

Result (type 6, 216 leaves):
1

3¢2 (c+dx2)3/2

acV1-a2x? (c+dx2> 1 1 d x2
- + [4acx2 (c+dx?) AppellFi[1, =, =, 2, a®x?, - —| /
alc+d 2 2 C

1 1 d x2 1 3
(«/1—a2 x? |4cAppellFl[1, =, =, 2, a*x?, - ——| +x* | -dAppellF1[2, —, =, 3, a’x?,
272 c 272
d x? 5 3.1 , ., dx? 3
| +a?cAppellF1(2, =, =, 3, a?x?, - —| + (3cx+2dx?) ArcCos[ax]
C 2 2 C

Problem 56: Result unnecessarily involves higher level functions.
ArcCos[a X]
J— dx
(cvdx2)”
Optimal (type 3, 211 leaves, 8steps):
a/1_-a2x? 2a(3a2c+2d> 1-a2x?
15¢ (a?c+d) (c+dx2)3/2 15(:2(a2c+d)2\/c+dx2

+

8 ArcTan | Vd J1atx?

X ArcCos [a X] 4 x ArcCos [a X] 8 x ArcCos [a X] a~/ c+dx?
+ + -
5c<c+dx2)5/2 15 ¢2 (c+dx2)3’/2 15c3+vc+dx? 15c3+/d

Result (type 6, 277 leaves):
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1 ac2+/1-a2x? (c+dx2) 2ac(3a2c+2d) V1-a2x? (c+dx2)2
- - +
15 3 (c+dx2)5/2 a’c+d (a2c+d)2
1 1 d x?
{16acx2 (c+dx2)2Appe11F1[1, =, =, 2, a%x?, _9x | /
2 2 C
1 1 d x2
(\/1—32 x* |4cAppellFl[1, =, =, 2, a*x%, - — | +
2 2 C
1 3 d x2 3 1 d x?
x? | -dAppellFi[2, =, =, 3, a®x?, ——X] +a? cAppellF1[2, =, =, 3, a’x?, = ] ]} +
2 2 C 2 2 C

x (15 c® + 20 c d x* + 8d* x*) ArcCos [a X]

Problem 81: Result unnecessarily involves imaginary or complex numbers.
sz ArcCos[ax?| dx

Optimal (type 4, 55leaves, 4 steps):

A1 - 32 x4 2 EllipticF|ArcSi -1
S 2xyizarxd +lx3Ar‘cCos[ax2]+ iptick [Arcsin[Va x], -1

9a 3 9a3/?

Result (type 4, 63 leaves):

_2x 1-a2x4 L3y Ar‘cCos[axz] N ZiEllipticF[j Ar‘cSinh[\/—a x}, —1]

a (_a)3/2

1
9

Problem 83: Result unnecessarily involves imaginary or complex numbers.
JArcCos[a x2] dx

Optimal (type 4, 43 leaves, 6 steps):

X ArcCos [ax2] - 2 EllipticE[ArcSin[+Va x|, -1] i 2 EllipticF[ArcSin[+a x|, -1]

Va Va
Result (type 4, 56 leaves):
x ArcCos [a x?]| + 1
(_ a) 3/2

2ia (EllipticE[j ArcSinh[~/-a x], -1] - E1lipticF[i ArcSinh[+/-a x], 71])

Problem 85: Result unnecessarily involves imaginary or complex numbers.

dx
2

JAPcCos [ax?]

X

Optimal (type 4, 29 leaves, 3 steps):
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ArcC ?
Arecoslax] o Ve evtiptice avcsin[Va x], 1)
X

Result (type 4, 40 leaves):

Ar‘cCos[a xz] +2i+-a xEllipticF[j Ar‘cSinh[\/—a x], —1}

X

Problem 88: Result more than twice size of optimal antiderivative.

JAr‘cCos [ i} dx

X
Optimal (type 3, 27 leaves, 5 steps):

X a?
xAr‘cSec[f] —aAr‘cTanh[ 1-— }
a x2

Result (type 3, 84 leaves):
aV-a2+x2 (—Log[l— *—1 + Log[1+ —*

X ArcCos [ i] -
X

Problem 135: Unable to integrate problem.

1l+cx

dx
2

J\(a+bAr‘cCos[3@])3

1-c?x

Optimal (type 4, 279 leaves, 8 steps):

2 i ArcC fiex
1 (aerAr‘cCos[@])4 (a+bAr‘cCos[@} 3Log[1+qe o OS{\/MX}]
1+cx B NET S .
4bc C

2 2 1 ArcCos g

31b (a +bArcCos [ @} ) PolyLog[Z, —e 1eex ]
Vivex B
2c
2 Ji-cx 2 1 ArcCos [Q 2 i ArcCos [ 7\/? }

3b (a+bAr‘cCos[ — ] PolyLog[B, -e Vieex ] 31 b3 PolyLog[4, _e Jiex }

2cC 4c

Result (type 8, 42 leaves):

J(a+bAr‘cCos[@])3

l+cx

dx
1-c2x?
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Problem 136: Unable to integrate problem.

1l+cx

dx

1-c?x?

J\(a+bAr‘cCos[3@])2

Optimal (type 4, 207 leaves, 7 steps):

; Jiex
i (aerArcCos[@])3 (aerAPCCOS[@})ZLog[1+e21Arccos \W}]
1+cx _ Visex .
3bc c
J—
ib (a +bArcC05[@} P01yLog[2 7QZjAPCCOS % } ZiArcCos{E
( VIrex ’ b2 PolyLog[B, —e Vieex ]
¢ . 2c

Result (type 8, 42 leaves):

l+cx

dx

J(a+bAr‘cCos[@])2

1-c2x?

Problem 137: Unable to integrate problem.

l+cx

dx
1-c?2x?

J\a + bAr‘cCos[@]

Optimal (type 4, 141 leaves, 6 steps):
i (a + bAr‘cCos[@])2

1l+cx
2bc
Jiex 2 i ArcCos {ji% 5 Ar‘cCos[ \/z}
(a+bAr‘cCos[ — ])Log[1+e x| i bPolylog|2, -e frec ']
+
C 2c¢C

Result (type 8, 40 leaves):

l+cx

a+bArcCos [@]
J ax

1-c2x?

Problem 140: Attempted integration timed out after 120 seconds.

JAr‘cCos [ce*?*] dx

Optimal (type 4, 84 leaves, 6 steps):
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i ArcCos [c e2+0% ] > ArcCos [ced®x] Log[1+e2iArcCos[ce™ ]| polylog|2, —e?!Arccos[ce™]]
_ N _

2b b 2b

Result (type 1, 1leaves):

PP

Problem 147: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

c
jAr‘cCos[ | dx
a+bx

Optimal (type 3, 48leaves, 6 steps):

2
(a+bx) Arcsec|2 s bx] CArcTanh[ [1- < |
C C

b b

Result (type 3, 167 leaves):

c
x ArcCos | | -
a+bx

22-c2+2abx4b?x? 2b2(7ic+\/a27c2+2abx+b2x2)
(a+bx) ialog|-

+

(a+bx>2 a(a+bx)

cLog[a+bx+\/a2—c2+2abx+b2x2]

/(b\/az—c2+2abx+b2x2
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Summary of Integration Test Results

151 integration problems

A - 131 optimal antiderivatives

B - 7 more than twice size of optimal antiderivatives
C - 7 unnecessarily complex antiderivatives

D - 4 unable tointegrate problems

E - 2integration timeouts



